Summary of nonlinear continuum mechanics

1. Fundamentals of continuum mechanics

The subject of continuum mechanics includes (comprises) the following basic ingredients

- the study of motion and deformation
- the study of stressin acontinuum, and

- the mathematical description of the fundamental laws of physics governing the motion of a
continuum.

1.1 Scalars. A physical quantity, completely described by a single real number, such as mass,
density or temperature, is called scalar.

1.2 Vectors: Certain physical quantities, such as force, velocity or displacement, which posses
both magnitude and direction, may be represented in a three-dimensiona space by directed line
segments that obey the parallelogram law of addition. We have some kind of vectors, such as free
vector, bounded vector (can freely move), reference vector and loading vector (fixed point).

1.3 Tensors: A tensor is mathematical entity with certain well-defined transformation properties
under a change of coordinates. The concept of tensor is a generalization of the familiar quantities
scalar and vector.

Tensors of the order one are called vectors. Tensors of the order zero are called scalars.

Tensor of order n may be expressed intheform A; ; ; e Ue U..0e
1.4 Operations (calculuses) of vectors and tensors
- Dot product (scalar product) of vectorsa and b, denoted by alb , produces a new scalar.

Dot product of two order tensors A and B, denoted by AB {(AB); = AiByj}, is again a
second order tensor.

- Cross product (vector product) of vectorsa and b, denoted a x b, produces a new vector.

- Tensor product (dyad product) of the vectors a and b is denoted by a O b, produces a
second-order tensor.

Notation of tensor of the first order Notation of tensor of the second order
Indicial notation cj = aby, Indicial notation Cijxi = &b,
Symbolic notation C=alb, Symbolic notation C=A0UB
Matrix algebra notation [C] = {a}{b} " Matrix algebra notation

- TheTraceof atensor A isascalar denoted by trA = A;; ,
- Thecontraction of tensors A and B is scalar denoted by A : B=tr(A'B) =tr(B'A) =B : A
1.5 Eigenvalues and eigenvector s of tensors

The scalars A; characterize eigenvalues (or principle values) of a tensor A if there exits
corresponding nonzero normalized eigenvectors n; (or principle directions) of A, so that

A set of homogeneous equations for the unknown eigenvalues and eigenvectorsis
(A-Al)n, =0

For the above system to have solutions n; # 0 the determinant of the system must vanish. Thus



Det(A - A1) =0

This requirement that we solve a cubic equation in A (characteristic equation), is usually
written as

MN—IA+DLA-13=0

Here, Ii(A), i = 1, 2, 3, are the so-called principle scalar invariants of A. In term of A and its
principlevalues A, i =1, 2, 3

[1(A) =Aji=trA=A1+ A+ A3
15(A) = %(A”A” - AjiA;j) = % [(trA)? —tr(A%)] = trA ““detA = Ajhz + Aahs + AoAs
13(A) = €ijkA1AZAz = detA = A1AsA3

1.6 Transformation lawsfor the basis vectors and components
- Vectorial transformation law

We consider any vector u resolved along the two sets{ € } and {e} of basisvectors, i.e.

U =u.g , u=u.e

We assume that the relation between the basis vectors § and g is known by the cosines Q;j, we
have the vectorial transformation law for the Cartesian components of vector u, i.e.

[0 =[QI" [l . [ul=[QI [d]
- Tensorial transformation law
[A]1=[QITAI[Q] or A= QuQmAkn

[A]=[QI[AIIQI" or Aj=QuQmA kn
1.7 Gradient and related operators

Gradient of the scalar field ®(x) may be written in the form
_ 09 0P 0P 5[0
radd =[@® = = + +
J 0x; . axle1 axze2 6x363
in which [(*) is a vector operator (or Nabla operator) of vector calculus. We further introduce the
dot product, cross product and tensor product of vector operator [
o(e o(e o(e
0=V, 0x(=exX)  00(¢)= Mo
i 0X i aXi

Divergence of avector field u(x)

ou; du, _ du, N ou, . du,

0X; %= ox, oX; O0X, OXg

Di O ou; B
ivu = =— =
1) 9

Curl of avector field

curl . 6u 6u
uriu = XU—— X e =E€ik—
. S Q ”kaX €&

Gradient of avector field

Gradu=0O0u= gﬂa [0 g with Cartesian components (gradu);; = %
X X
Divergence and gradient of a (second-order) tensor field



DiVA=O[A = — g

GradA=00A=—eUg0e
0X

L aplacian operator

0%+)=0()=0 Dg(.) &= 62(;)

1.8 Integral theorems

Divergence theorem. Suppose u(x) and A(x) are any smooth vector and tensor fields defined on
some convex three-dimensional region in physical space with volume v, and on a closed surface s
bounding this volume.

j ubdds= J'divu dv , j Ands= IdivAdv
S \% S \'

Stokes' theorem. It relates a surface integral, which is valid over any open surface s, to aline
integral around the bounding closed curve c in three-dimensional space.

§ u x = jcurl u [hds
C S

2. Defor mation gradient

Consider a continuous body with refer ence (undeformed) configuration Qg and reference time
t=0. Then, an assumed motion x maps the reference configuration to the current configuration Q at
timet. Hence, apoint X [0 Qq transformsto a place x [1 Q, where X and x (with material and spatial
coordinates X1, Xz, X3 and X1, X2, X3) characterize positions of a particle in the reference and current
configuration relative to fixed set of axes.

The deformation is represented by the mapping x : Qo-> Q

x=x(X, 1 1)

The mapping x is called the deformation from Qpto Q, and X is required to be one-to-one and to
satisfy appropriate regularity conditions.

A motion x of a body will generally change its shape, position and orientation. A continuum
body which is able to change its shape is said to be defor mable.

The so-called material description is a characterization of the motion with respect to the
material coordinates (X;) and time t. In the material description attention is paid to a particle, we
observe what happens to the particle asit moves.

The so-called spatial description is a characterization of the motion with respect to the spatia
coordinates (x;) and time t. In the spatial description attention is paid to point of space, we study
what happens to the point as time changes.

The quantity F is crucia in nonlinear continuum mechanics and is a primary measure of
deformation

_0x _ ox(X,t)
ToX oX
called the deformation gradient.

The determinant of deformation gradient, known as Jacobian deter minant (volume ratio) will
be denoted

)



dv
J=det F(X,t)—d—v 3
(It isthe change in volume between reference and the current configuration at time t)
Displacement gradient tensor in the material description
GradU = Gradx(X, t) — GradX = F(X, t) - |

3. Strain tensors

We describe a material line element with vector & at the referential position X (which may be
imagined as afiber). The corresponding in the current configuration, ay is mapped onto aas

Fap=a (4)
The strain that results from the finite motions is obtained by measuring the change in the
magnitude of any vector (A is astretch of the fiber)

Aala—ay. 3 = (Fag){Fap) — ado
= odF Fla-a0 a
lIC—1)ap= 2a[E a ®)

Implicit in this derivation is definition of the right Cauchy-Green strain tensor C and Green-
Lagrange strain tensor E as

C=F'F |, E=%(C-I) (6)

An addition strain measure is the left Cauchy-Green strain tensor b given as
b=FF'

We can decomposite the deformation gradient F and some strain tensors into multiplication of
spherical (dilatational) and distortional parts

F=(5%1)F (8)
C=FTF=J%E, C=FF ©)
b=FFT:J%E, b=FF' (10)
-l n=3%E+ L3k E-1r¢c.

E—2(C )=J73E + 2(33 )1, E 2(c 1) (11)

Push-forward and pull-back operations

The transformations between materia and spatia quantities are typicaly called the push-
forward operation and pull-back operation. In particular, a push-forward is an operation which
transform a vector or tensor-valued quantity based on the reference configuration to the current
configuration. A pull-back is an inverse operation, which transforms a vector or tensor-valued
guantity based on the current configuration to the reference configuration.

Polar decomposition

At each point X [ Qg and each time t, we have the following unigque polar decomposition of the
deformation gradient F
F=RU=VR, R'IR=I, U=U" ,v=V'

where U and v define unique, positive definite, symmetric tensor, which we call the right (or
material) stress tensor and the left (or spatial) stretch tensor, respectively. The unique R is a
proper orthogonal tensor, with detR = 1, called the rotation tensor.



The positive definite and symmetric tensors U and v are introduced, so that
U’=UU=C and V*=w=b
Eigenvalues and elgenvectors of strain tensors

We introduce the mutually orthogonal and normalized set of eigenvectors { Ni} and their
corresponding eigenvalues A;, i =1, 2, 3, of the material tensor U

UN; =A N,  withON,0O=1
Furthermore we obtain the eigenvalues problem for C
C Ni :UZNi :)\i2 Ni

The eigenvalues of the symmetric tensor U are A; are called the principal stretches, while for the
symmetric tensor C we find the squares of the principal stretch denoted Ai.

4. Stresstensors

Real stress tensor in the deformed configuration (Newton’s third law) is described by Cauchy
stress tensor 0. Stress tensor measure in undeformed configuration can be described according to
first Piola-Kirchhoff stress tensor P (nominal stress tensor).

The relation between the Cauchy stresstensor and first Piola-Kirchhoff stresstensor is

o(x, t)nds=P(X, t) N dS (12)
By means of Piola transformation the relations between P and ¢ may be written in the form
P=JoF", o=J'PF" (13)

The stress tensor work conjugate with the Lagrange strain is the second Piola-Kirchhoff stress
tensor Swhich isrelated to the Cauchy stresses

S=JFloF T =Flp=g' (14)
with itsinverse
o=J'FSF' (15)

From eq.(14) we find a fundamental relationship between the first Piola-Kichhoff stress tensor P
and symmetric second Piola-Kichhoff stresstensor S, i.e.

P=FS (16)
5. Constitutive equations

5.1 Hyperelastic material

The constitutive equations in large strain elasticity or hyperelasticity are defined in terms of a
strain-energy function. A so-called hyperelastic material postulates the existence of a Helmholtz
free-energy function W, which is defined per unit reference volume rather than unit mass.

We now restrict attention to homogeneous materias. For this type of ideal material the strain
energy function depends upon only the deformation gradient F, W = W(F), the Helmholtz free-
energy function is referred to as the strain-energy function. For continuum bodies which may
undergo inhomogeneous deformation, in which W = W(F, X).

The stress responses of hyperelastic materials is derived from a given scalar-valued strain energy
function



_ow(P)
SO (17)

.
o=t O pr_ pip (_GLIJ(F)j , (18)
oF oF

where P is first Piola-Kirchhoff stress tensor, o is Cauchy stress tensor, and J is determinant of
deformation gradient (or volume ratio).

We have equivalent forms of the strain energy function [8]
W(F) =W(C) = ¥(E) (19)

By means of the chain rule and some mathematical transformations can be given an important
reduced form of the constitutive equation for hyperelastic materials, namely

T
o= J'F (Mj =271 v(C) Fr, (20)
oF oC

Alternative expressions may be obtained for the first Piola-Kirchhoff stress tensor and second
Piola-Kirchhoff stress tensor as

FO¥(O)

P=2 (21)
acC
5= 0%(C) _ W(E) )
aC dE

5.2 I sotropic hyperelastic materials

Constitutive equations of isotropic hyperelastic materials may be expressed in terms of the
principal invariants if strain energy function must be an invariant under a rotation. Having this in
mind, the strain-energy functions may be expressed as a set of independent strain invariants of the
symmetric Cauchy-Green tensors C and b that

W =W[I;(C), 12(C), 13(C)] = W[lx(b), I2(b), I3(b)] (23)

If the strain-energy function W is an invariant, we may regard W as a function of the principal
stretches A, i=1,2, 3

W(C) = WAL, A2, A3) (24)

The principal Cauchy stresses o; and the three Piola-Kirchhoff stresses P and S5, i = 1, 2, 3 are
obtained as

Oinl)\ia—LIJ ,F’i=a—qJ , —— (25)
on. on. .

5.3 Incompressible Hyperelastic Materials

Numerous polymeric materials can sustain finite strains without noticeable volume changes.
Such types of material may be regarded as incompressible so that only isochoric motions are
possible. For many cases, this is a common idealization and accepted assumption often invoked in
continuum and computational mechanics.

Incompressible hyperelastic materials are characterized by the incompressibility constraint
J=1 (26)

In order to derive general constitutive equations for incompressible hyperelastic materias, we
may postulate the strain-energy function



W=YF) -pJ-1) (27)
where the scalar p is an indeterminate Lagrange multiplier, which can be identified as a hydrostatic

pressure. Note that the scalar may only be determined from the equilibrium equations and the
boundary conditions.

Genera constitutive equations for first and second Piola-Kichhoff stress tensors and Cauchy
stress tensor may be expressed as

T AW(F)
P=-pF'+=—"~ 28
P oF (28)
S=-pFlFT+ F'l—a”(;(FF) =-pct+ 2—‘3”‘;(;) (28)

_ OW(F) cr_ (aw(F)jT
o=-pl + ——=F =-pl+F 30
p 3 p P (30)

For a view on the theory of incompressible hyperelasticity see. For example OGDEN [1982,
1986]. A suitable strain energy function for incompressible isotropic hyperelastic materia is given

by
1
W =W, (C), 1(C)] - > p(lz—1) (31)
where p/2 is an indeterminate Lagrange multiplier.

5.4 Compressible Hypereastic Materials

A material which can undergo changes of volume is said to be compressible. The only
restriction on this class of materials that the volume ratio J must be positive (J>0). Since some
materials behave quite differently in bulk and shear it is most beneficia to split the deformation
locally into a so-called volumetric part and an isochoric part. The deformation gradient F and
right Cauchy-Green strain tensor C may be divided into volume-changing (dilatational) and
volume-preserving (distortational) parts, often use in elastoplasticity

F:(J%I)I_: , C:FTF:(J%l)E, (32)

The terms J%I and J%I are associated with volume-changing deformations, while F and
C=F'F are associated with volume-preserving deformation of the material (called modified
deformation gradient and modified right Cauchy-Green tensor), with detF= A\, A, A;=1 (A, =

RE \i) and det C =1.
Similarly the strain-energy function may be written as
W= W) + Wie(C) (33)

where W, (J) and Wi,(C) are given scalar-valued functions of J and C, which describe the so-
called volumetric elastic response and isochoric elastic response of the material, respectively.

5.5 Transversely isotropic Materials

Numerous materials are composed of a matrix material and one or more families of fibers, are
called composite materials (or fiber-reinforced composites). The types of composites have strong
directional properties and their mechanical responses are regarded as anisotropic. The simplest
anisotropic material is reinforced by only one family of fibers and has single preferred direction.
we call transversely isotropic material. The material response along orthogonal to this preferred
direction isisotropic.



Because of the directiona dependence on the deformation, expressed by the unit vector field a,
we require that free energy depends explicitly on both the right Cauchy-Green tensor C and the
fiber direction ain the reference configuration

W =W(C, aglag) = W (C, A) (34)

As above mentioned an isotropic hyperelastic material may be represented by the three invariants
l1, 12, 13 Of either C or b. For atransversely hyperelastic material, the free energy can be written in
terms of five independent scalar invariants as

W =WY[1,(C), 12(C), 13(C), 14(C, ap), Is(C, a)] (35)
where I, |5 are so-called pseudo-invariants of C and ag[1ag, which given by
14(C, ag) =8 [ ap =2’ ; 15(C, a) = a [T & (36)

The two pseudo-invariants l4, Is arise directly from the anisotropy and contribute to the free
energy. They describe the properties of the fiber family and its interaction with the other material
constituents.

5.6 Incompressible transver sely isotropic materials

We now consider transversely isotropic materials with an incompressible isotropic matrix
materid, i.e. I3 =1.

Firstly, in case the embedded fibers are extensible we can be able postulate a free-energy in
terms of remaining four independent invariants. In view of (31) we have assumption

W = W[1,(C), 11C), 1«(C, &), Is(C, a0)] - % (1 - 1) (37)

where p/2 is an indeterminate Lagrange multiplier.

Secondly, we study an incompressible isotropic matrix material which is continuously reinforced
throughout by inextensible fibers. This mean that A = 1 and the fourth invariant equals to one (14,=1).
By adding the term q(l4 — 1)/2 to the free-energy we obtain the function

W = W[14(C), 1C), Is(C, a)] - % Blls—1) - %q(u— 1) (39)

where g/2 is an additional indeterminate Lagrange multiplier.

The constitutive equations with an incompressible isotropic matrix material and inextensible
fibers are obtained as

S=-pCl—qgap O a0+2(gTw+|la_wj| _ZG_LIJC+26_‘-IJ(aOD Cap + Cag [ ap)(39)

cr=-p|—anDa0+20—wb—26—wb'1+26—LIJ (@l ba+bala) (40)
al, al, 0l

5.7 Composite materials with two families of fibers

The matrix material is assumed to be hyperelastic. The preferential fiber directions in the
reference and the current configuration are denoted by the unit vector fields ag, go and a, g,
respectively. For notational simplicity we have introduced the abbreviation

Ap=apUag, Go=0goll go
By analogy we may postulate the free energy



W= l-|-’(C, Ao, Go) (41)

With five invariants in the isotropic case. For a composite materials with two families of fibers
we need add four invariants. The pseudo-invariants I4, ..., lg are associated with the anisotropy
generated by the two families of fibers.

16(C, 90) = 9o IC0o, 17(C, 9o) = o (0o, 1s(C, @, Go) = (80 [ho)ao (o (42)

If ap [go = 0, the two families of fibers have orthogonal directions. Then, the material is said to
be orthotropic in the reference configuration and the free energy has the form W = W(ly,..., I7).

A further case may be found under the assumption that the isotropic matrix material is
incompressible, i.e. 13 = 1. Additionally, the families of fibers may be also inextensible in the two
fiber directions ap and go, consequently 1, = 1 and I = 1. For this case a suitable Helmholtz free-
energy function is given by

Y =W[14(C), 1(C), Is(C, a0), 1(C, go)] - % o(ls—1) - %q(u— 1) - %rﬂe' NECE)

with the indeterminant Lagrange multipliers p/2, g/2, r/2

5.8 Viscoelastic materialsat large strains[7]

Here we use the theory of compressible hyperelasticity within the isothermal regime. We
postulate a decoupled representation of the Helmholtz free-energy function W. The free energy
uses the multiplicative decomposition of deformation gradient (F) into dilational (volumetric) and
volume-preserving (isochoric) parts[3][7]

F:J%I_:, I_:zl_:elastis

The change of W within an isothermal elastic process from the reference to the current
configuration is given as

Y(C, Faveees Tw) = W () + W (C) + Y W, (G, (ad)

a=1
valid for some closed time interval tO [0, T] of interest. Above equation is applied to the
generalized Maxwell model with arbitrary number m of Maxwell elements. In which W2, (J) and

W (C) are strain-energy functions per unit reference volume and characterize the equilibrium

state of the solid. They can be identified as the terms volumetric hyperelastic response and the
isochoric hyperelastic response of sufficiently slow processes, respectively. The dissipative

m
potential Z W, isresponsible for the viscoelastic contribution, called configurational free energy
a=1
of the viscoelastic solid and characterize the non-equilibrium state, i.e. the behavior of relaxation
and creep. The strain-likeinternal variable I’y characterizes the r elaxation and/or creep behavior
of the material.

We assume that each contribution to the free energy W must satisfy the normalization condition
m
Wo()=0, Wg=0 , YW, (.h=0 (45)
=1

5.9 Visco-hyperelastic materials at large strains

Based on established approaches to the formulation of constitutive relationships, a new objective
constitutive equation is proposed to describe the three-dimensional visco-hyperelastic large
deformation behaviour of incompressible rubber-like materials under high strain rates. Static
response is accommodated by a component comprising a hyperelastic relationship based on an



elastic strain energy potential. It is found that a three-term truncated series for this potential
adequately describes hyperelasticity. Another equation component, a generalised non-linear
Maxwell model, is introduced to characterise viscoelastic response under high strain rates. The
total expression represents a hyperelastic solid in parallel with a generalised Maxwell model, thus
characterising hyperelasticity aswell as strain rate and strain history dependent viscoel asticity.

W(C, Ty, Tm) = Wi () + Wo (C) + iva (C.Ty), (46)
=1

6. Some formsof strain-energy functions

Numerous specific forms of strain energy functions to describe the elastic properties of
incompressible as well compressible materials have been proposed in the literature. In particular,
some forms of strain energy functions which are most used for computing finite elements.

6.1 Thestrain energy functionsfor isotropic materials
6.1.1 Ogden model for incompressible materials (rubber-like, biological soft tissues)

Rubber is often regarded as incompr essible with the constraint condition J = A1A2A3 = 1. Ogden
proposed strain energy is afunction of the principal stretchesA; (i = 1, 2, 3) in the form

N
W =Wy, Ay, Ag) = Zﬁb\‘;p + AP +AY —3) (47)
p=1%p
On comparison with linear theory we obtain the (consistency) condition
N
2u= > pya, with po,>0 (48)
p=1

where the parameter 1 denotes the classical shear modulus in the reference configuration, N is a
positive which determine the number of terms in the strain energy function, p, are (constant) shear
modulus and ap are dimensionless constants (determine by experiment), p=1, ..., N

6.1.2 Mooney-Rivlin, Neo-Hookean, Varga model for incompressible materials
(rubber-like)
Asaspecia case we obtain from Ogden model for incompressible materials.
For example, the very useful M ooney-Rivlin model obtain by settingN =2, a; =2, a, =-2
W=cy(A]+A5 +A5 -3) + G (AP +A7 +A7 - 3)
=ci(l1—3) + cx(l2-3) (49)
with the constants ¢; = Y1/2 and ¢; = /2 (U = Mg - M2).

This model is often employed in the description of the behavior of isotropic rubber-like
materials.

The Neo-Hookean model obtain by replaceN =1, a; =2
W=cy(N +A5 +A5 -3) =cy(l; - 3) (50)
with the constant ¢; = 11/2 and the shear modulus p = p; according to (48).
At last specia case of Ogden’s model we introduce the model by Varga, which obtain by setting
N=10,=1,i.e
W=ci(A1+A2+A3-3) (51)
with the constant ¢; = 11/2 and the shear modulus p = p1/2 according to (48)

6.1.3 Yeoh, Arruda and Boyce model for incompressible (rubber-like) materials|[7]



Nearly all practical engineering elastomers contain reinforcing fillers such as carbon black
filled rubbers, which have typical dimensions of the order of 1.0 —2.0.10°m.

Consider asimple shear deformation of afiller-loaded rubber. Physical observation show that the
shear modulus 1 of the material caries with deformation in a significant way. To be more specific,
decreases with increasing deformation initially and then rises again at large deformations.

Experiments shown that ZTW is numerically close to zero. Yeoh made a simplifying assumption
2

that ZI—LP = 0 and proposed a three-term strain-energy function where the second strain invariant
2

does nor appear
W=cy(l1—3) + co(ly —3)° + cal1 - 3)° (52)

The shear modulus 1 involves first-order and second-order termsin (1, — 3) and approximates the
observed nonlinear physical behavior with satisfying accuracy (provided ¢,<0 and ¢;>0, c3>0)

U =2c, + 4cy(1; —3) + 6¢3(11—3)? >0 (53)
Another material model for the response of rubber which has similar structure to Yeoh model is

due to Arruda and Boyce. The strain-energy function is derived from the inverse Langevin
function by means of Taylor’s expansion

wz“[%(ll_@-l-Eln(llz_9)+—1051;n2 (If—27)+..1 (54)

where 1 denotes the shear modulus and n is the number of segments (each of the same length) in a
chain.

6.1.4 Blatz and Ko model for foamed elastomers|[7]
The strain-energy function combined theoretical arguments and experimenta data

1. | 1
Wiy, Iy, Is) = f%{(ll _3)+E(I3B —1)} (1) %Hi—s] +E(|§ —1)} (55)

inwhichpandv (B = ﬁ) denote the shear modulus and Poisson’s ratio, and f [J [0,1] is an

interpolation parameter.
6.1.5 Saint-Venant Kirchhoff model [2][7]
This model is characterized by the strain-energy function

W(E) = %(trE)z + UtrE? (56)

inwhichy> 0and 1 > 0 are two constants of Lamé.

Saint-Venant Kirchhoff model is a classical nonlinear model for compressible hyperelastic
materials. Note that this material model is suitable for large displacement but it is not recommended
to use for large compressive strains.

6.2 Thestrain energy functionsfor anisotropic materials
6.2.1 Transversely isotropic materials

The strain-energy functions can be decomposed into fully isotropic component and transversely
isotropic component as

W= Wiy + Wi (57)
Bonet [2] used the isotropic component by the strain energy function of Saint-Venant model (56)



In order to generalize the above equation to the fully NONLINEAR regime, the Neo-Hookean
energy Wnn (50) can be used instead of the St.Venant function to described the isotropic component
of the strain function. This gives

W= W + Wi (58)
Anisotropic part of strain-energy function is expressed in the form

Wi = [0+ B(l1—3) +Y(la— D] (ls—1) - %0(05—1) (59)

The transversely isotropic component of the constitutive model presented above is still that of
the St.Venant model and it is therefore linear with respect to the Lagrangian strain tensor. This
could still cause difficulties in large strain applications despite the fact that the isotropic
component is valid for the fully nonlinear range. In addition, athough the materia is transversely
isotropic in the undeformed configuration, the resulting elasticity tensor in the deformed setting is
not transversely isotropic. These two shortcomings can in fact be very easily remedied by altering
the transversely isotropic component of the strain energy function by replacing in Eq.(59) the term
(I1=3), whichislinear in C, with term InJ, thus giving

Wio = [0+ B 1T+ y(la— D] (la= 1) - S alls=1) (60)

6.2.2 Composite materials with two families of fibers

For the composite materials with two families of fibers we can be written strain-energy function
as
W= Wis + Waiso (61)
Holzapfel and his colleagues [5-7] used the isotropic component by the strain energy function of

Mooney-Rivlin (49) or Neo-Hookean (50) or other appropriate models. Anisotropic part of strain-
energy function is expressed in the form

Vo= 1 ot -1 G

where k;>0 is stress-like material parameter and k>0 is a dimensionless parameter.
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