Chuong 6. Uon phdng

Chuong XI. UGN PHANG

I. KHAI NIEM VE UON PHANG

1. Khai niém chung: Mot thanh chiu uén (goi 1a ddm) khi truc cua thanh bi

uon cong dudi tic dung cua

ngoai luc, vi du dam cau, truc Fe
banh xe hda, 6to,.. Hinh 6.1 biéu
dién mot s6 dam chiu udn.

= Mait phang chita c4c luc va
momen duoc goi 14 mdt phdng

Q000
rrvy

a)

tdi trong (hinh 6.2). Dubng tél trong

= Duong tdi trong la giao
tuyén giita mat phang tai trong
va MCN cua thanh.

= Mt phdng qudn tinh chinh
trung tdm tao nén bodi truc cua
thanh va mot truc quin tinh

\N

chinh trung tam ciia MCN.

= Truc ctia dam sau khi bi
uoén cong van nam trong mot
mat phang quén tinh chinh trung
tam thi su uén dé duoc goi 1a uodn
phdng.
2. Phan loai uén phang

= U6n phang chia ra lam hai loai:
uon thudn tuy va uoén ngang phdng.

= U6n thuan tuy phang: Trén
MCN cua dam chi ¢6 mot thanh
phan moémen uén M, (M,) nam
trong mat phing qudn tinh chinh
trung tam. Poan CD trén hinh 6.3
mo ta dam chiu udn thuan tdy, vi
tréen MCN cua doan dam chi c¢é
momen uén M, .

= Uodn ngang phang: Tréen MCN

b)

c)

d)

P P
%5
PT ) P

Hinh 6.1

Mgit phiing téi trong

f"P

Pa

. @

Hinh 6.3

ciia n6 c6 hai thanh phan néi luc 1a luc cat Q, va momen uén M, (hoac Q, va
M,). Trén hinh 6.3, doan AC va DB chiu uén ngang phang vi trén cic mat cat
ngang c6 ca lyc cat Q, va momen uén M,
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Chuong 6. Uon phdng

II. DAM CHIU UON PHANG THUAN TUY

1. Thi nghiém va cac gia thuyét
= Xét mot dam chiu u6n phang thuin tdy nhu hinh 6.4.
tho doc  mgt cat ngang

a 24
R I -

b) My M, vy
ya b
(Zwr ))

Hinh 6.4
= Quan sit mot doan dim chiu udn phang thuin tuy c6 MCN hinh
chit nhat truéc va sau khi bién dang (hinh 6.5).

|

Trudce khi bién dang Sau khi bién dang

Hinh 6.5
Tu c4c thi nghiém dim chiu uén phang thudn tuy = mot s6 gia thuyét

= Gid thuyét vé MCN phdng (Bécnuli): MCN cua thanh truéc va sau
bién dang van phang va vuong géc véi truc clia thanh.

= Gid thuyét vé cdc thd doc: trong sudt qua trinh bién dang cac thé
doc ludn song song v6i nhau va song song vaéi truc thanh.

— Ngoai hai gia thuyét trén ta con gia thuyét vé bién dang bé, MCN hau
nhu khong bi bién dang.

Buong
trung hoa

2. Quan hé bién dang

— Quan sat bién dang cula
dim chiu uén phang thuin tdy
nhu hinh 6.4 ta thay: thé trén ab
bi co lai, thé du6i cd bi gianra. /[ 7 -----A_______--
Do d6 chic chan phai c6 mot thg

khong co, khong gian goi la tho /
trung hoa. Céac thé trung hoa tao Lép trung hoa
thanh mdr trung hoa (lop trung Hinh 6.6

hoa). Giao tuyén ctia mat trung
hoa v61 MCN goi la duong trung hoa (truc trung hoa) (hinh 6-6).

57



Chuong 6. Uon phdng

= Xét mot MCN nao do6 va chon
hé truc toa do nhu hinh 6.2 v6i truc
Ox la truc trung hoa. Trén MCN chi
c6 ung suat phap, khong c6 tng suat
ti€p vi theo gia thuyét vé MCN
phing va véi nhan xét cic géc
vuong sau khi bién dang van giit
nguyén, nghia 1a trén mat cat cla
phan t6 hinh hop duoc tach ra nhu & Hinh 6-7
hinh 6-7 khong thé c6 ung sudt tiép (t = 0).

— Xét doan dam dz
dugc cat ra boi hai mat
cat 1-1 va 2-2.

Vi thé trung hoa khong 0, 0,
bi bién dang: Y[

b)

0,0,=A4z—- 0,0, =pA¢ T 2n
= Xét mot thd mn (hinh
6.8): Trudc khi bién dang Az
ta co: " ‘
mn = Az =pAe. Hinh 6.8 b)

Sau khi bién dang, ta c6: mn=(p + y)A@
= D0 bién dang dai ty d6i ctia thé mn bang:
_(p+y)Ap—pAp _y

8 —_
‘ pAQ p (@)
2. Ung suat trén MCN
—Theo dinh luat Hic: ©, = Eg, (b)

O |«

= Thay (a) vao (b), ta duogc: |C- = E (6-1)

= Trén moi MCN ctia u6n phang thuin tuy thanh phan luc doc N, = 0. Do
do ta co:

N, =[o,dF=0_, N, =Z[yar-0 ©)
F P ¥

= Pang thic trén duoc thod man, khi: Ide =5, =0 (d)
F

trong d6 S, 1a momen tinh cua MCN d6i véi truc trung hoa.
= Vdy truc trung hoa la mot truc trung tam cua MCN.
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Chuong 6. Uon phdng

Ta c6 quan hé gitra momen uén M, va ting suat phap o,:

E E 1 M
M, = |o,ydF =—[y*dF =—J_ —=—=
l P 1[ p * 7 |p EJ, (6.2)
So séanh (6.1) va (6.2) ta suy ra cong thic ting suat phap trén MCN:
MX
6. = j y (6.3)

3. Biéu dé ung sudt phap, ing suat kéo va nén 16n nhat

= Tai mot MCN ban kinh p ¢0 tri s6 xac dinh, E 1a mot hing s6. Vay quy
luat phan bd tng suat phap tréen MCN 1a phiang nhu trén hinh 6.5a. Tt cong
thic (6.2) ta thy Gng suat phap la ham bac nhat theo y va khong phu thuoc
vao x, do do ta chi cin biéu dién su bién thién cla o, theo chiéu cao cla
MCN (hinh 6-9b). Giao tuyén ctia mat phang ting suat véi MCN chinh la truc
trung hoa (dudong trung hod). RS rang tng suit phdp trén cic dudng thing
song song Vi truc trung hoa c6 tri s6 nhu nhau. Do d6 ta c6 thé v& bi€u do
phan bo ting suat phap nhu trén hinh 6.9b.

4

M,
]

vy Omax

Hinh 6.9
= G, ¢0 tri sO tuyét doi 16n nhat tai cdc diém mép trén hay mép dudi.
— Ung sudt kéo va nén 16n nhdt: ta xét hai dang mat cit sau:
a) Néu truc trung hoa 12 d6i xiing chia doi chiéu cao cua mat cat ngang, vi
du MCN 12 hinh chi nhat, hinh tron, chit ], ... ta c6 Yea = Yo = Yo :
O ix = Opmax’ Oomin = Oy

M M

(@) =—0 . = X y = X
max min max
J WY

(6.5)

X X

trong d6: Wy = —— 12 momen chong uén cia MCN, thit nguyén (chiéu dai)’.

b) MCN ma duong trung hoa khong chia déu chiéu cao (hinh 6.10):

k
(6}

z

n
%o

max max
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Chuong 6. Uon phdng

— Ki{ hiéu khoang cach hinh hoc (gi4 tri tuyét doi) tir diém xa nhat t6i

truc trung hod 12 ¥y, va Yo, %
= Ung sudt kéo (nén) 16n nhat: | l yn
M. X x
k |Mx| |Mx 6 6 X y -
(e) = |0 = = |
- ’ max JX /ylr;ax W}i{ ( . ) ) [
PR A i
o = T W (O |
2, . k Jx n Jx N
trong do6, dai luong: W, =—"—; W/ =—* 12
max ymax ' y
momen chong udn khi kéo va khi nén cia MCN Hinh 6.10
doi véi truc trung hoa.
= Moémen chong uén cua vai hinh don gidn:
J 2bh’®  bh’
Hinh chit nhat: W, =—-= = ,
T h2 12h 6
J nd’
Hinh tron: W, =—=-=——x0,1d’;
d/2 32
< N - . _ D’ 4 3 4\ . d
Hinh vanh khan: W, —3(1—11 )~0,1D (1—T1 ), =5
4. Piéu kién bén cua dam chiu uén phang thuan tay
= Dam lam tur vat liéu déo, do kha nang chiu kéo va nén nhu nhau
k .
(Gch =0cn), nén [o], =[] =[c].
M
Theo (6.5), ta ¢ diéu kién bén: |Max|c,| = WX < [G] (6.13)

A N N A [N [EN N k 9 . LN LN LN N
— Dam lam tir vat liéu gion, vi o, # 6, = phai viét 2 diéu kién bén:

maxo} =r<[o],  (6.14); |minol[=T<[o], (6.15)

= Tim vi tri MCN c¢6 tng sudt phap 16n nhat. Néu dam c6 MCN khong
thay doi va vat liéu cua ddm 1a déo thi 1dy & MCN ¢6 momen udn 16n nhAt.
Trudng hop dim ¢6 MCN thay ddi ta phai 14y MCN c6 tng suat phdp 16n
nhét. Truong hgp dam lam bang vat liéu gion ta phai tim MCN thoa man cac
biéu thic (6.14), (6.15) (kéo - nén).
5. Hinh dang hogp ly cua MCN

Hinh dang hop 1y cua MCN la hinh dang sao cho v&i cung mot tai trong
cho trudc thi dam cau tao ton it vat liéu nhat hoac cung khoi Iuong vat liéu,
kha nang chiu luc cua dam la 16n nhat.
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Chuong 6. Uon phdng

= Néu dam lam bang vdt liéu déo thi MCN phai déi xiing qua duong trung
hoa, vi [o], =[c]. nén yk,. =yi..
= Néu dam lam bang vdt liéu gion thi MCN phai thoa man diéu kién:
k
Yol _[0],

n
y max

o],

PGi v6i vat lieu gion [o], <[c], do d6 |yt

<

Yomas | -
Nhu vay d6i v6i dim lam bang vat liéu gion thi MCN hop 1y ¢6 dang
khong doi xing qua truc trung hoa, chang han MCN chit T, hinh tam gidc, ...
= B¢ tri mdt cdt ngang: Qua biéu d6 ung suat phap trén MCN cta dam
chiu uén nhu trén hinh 6.9 ta thay &

nhitng diém cang gan truc trung hoa P
thi ing suit phap cang nho, nghia Ia duong
tai nhitng chd d6 vat liéu chiu tai rat a) tai trong

it. D€ tan dung kha nang lam viéc MJ
ctia vat liéu nguoi ta thuong bo tri
MCN cht T, I, [, ... Ngoai ra viéc bo |! y \ﬁl

tri dinh huéng mat cit d6i véi mat duomgthitong -+ by !
phang tdi trong ciing c¢6 y nghia rat Hinh 6.11. B6 trf MCN
16n. Vi du MCN chit I bo tri lam sao a) khong hop 1y; b) hop ly

truc trung hoa trung v6i mot truc (x
chang han) ma d6i vé6i truc d6 J, =J . (hinh 6.11).

n

k

— Diéu kién dim c6 dé bén déu: |G,

zmax

III. DAM CHIU UON NGANG PHANG
1. PDinh nghia

= DAam chiu udn ngang phang khi tréen MCN cta dim ngoai thanh
phidn moémen uén M coOn ¢é thanh phan luc cat Q. Cac thanh phan dé
nam trong mat phang déi xiing cta dam.

— — 5 Qy
y
\
a) B,an qéu b) Sau bién dang c) Sau bién dang
(trudc bién dang) udn thuan tuy udn ngang

Hinh 6.12

61



Chuong 6. Uon phdng

V6i dam chiu uén ngang phang: thanh phin tng suat phap do moémen
udn va ung sudt ti€p do luc cat gay ra. Hinh 6.12 mo ta hién tugng udn
ngang (truc bi uén cong), lam cho cdac MCN ban diau khong con phang
nita ma bi vénh di trong qua trinh bién dang. Di€u nay ching to trén
MCN ctia dam da xudt hién tng sudt tiép.

1. Ung suat phap

Trong udn phiang, luc cit = Gng suat ti€p. Cc tng suat ti€p phan bo theo
chiéu cao mat cat khong déu. Do anh hudng d6, cdc bién dang gdc cling ¢
tri sO thay doi theo chiéu cao cia MCN lam cho mat cit sau khi bi uon khong
con phang nita ma hoi bi vénh theo chit S (hinh 6.13). P i

Néu luc cat bang hang s6 thi MCN déu vénh nhu nhau

= su vénh khong anh hudéng dén d6 dan hoac do co
2. Ung suat tiép Hinh 6.13

= cong thic tinh Ung suit phdp (6.2) van con ding

= Xét MCN hinh chit nhat: Gng sut ti€p trén MCN la 1, va t,, (hinh
6.14a). Theo dinh luat doi tng Ung suit ti€p (mat ngoai dam khong chiu
ngoai luc theo phuong z) = t,, =0, c6 nghia tai diém xét cé 1 = 1,,.

NN\

trong trudng hop uon ngang phang: 6, = j Y|,

1 2
R Meram,
T | X X
_ O
gl ) el
Ttp‘ | MX \_ A - ~e
| i Qy Qy DI ﬁ B *
N G\Aﬁ/‘z E
T L] ’
y ZX - dZ .- F ’y
a) b) 1 2 C)
Hinh 6.14

Tir 1y thuyét dan hoi (gia thuyét Jurapxki) ta c4: tit ca cdc ung sut ti€p
trén MCN déu // v6i luc cat va Gng suét ti€p phan bo déu theo chiéu rong
cua MCN.

— Téch tir ddm mot doan c¢6 chiéu dai dz (hinh 6.14b, ¢), sau d6é bang
mat ciat ABCD song song va cdch mit phang Oxz mot khodng y chia doan
thanh nay thanh hai phan va xét phan khong chita goc O (ABCDEFGH).

= Goi o va o la tng sudt phép trén cdc mat cat 1-1 va 2-2, b(y) = AB va
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Chuong 6. Uon phdng

E la dién tich cia mat cat ABEF, b¢ chiéu rong cua phan dién tich d6 tai
diém cach truc trung hoa y. C6 thé thay:

oM, M +dM,
2 Jx Y k) Jx y (a)
= Xét su can bang phan t6 phan dudi, ta cé:
Y =c,dF-[o, dF+1,b.dz=0 )
dM,
= Thay (a) vao (b) va chi y ring —— P =Q,, ta c6:
} I J, b°
0. .5
LT S
= [ty I{y s (6.16)

trong d6 S:(y) la momen tinh cua dién tich F, d6i véi truc trung hoa x.Véi
mit cat 1a dai chit nhat hep:

= ok (6.17)
£ - toa do trong tam phan ti€t dién bi cat doi véi truc trung hoa.
= Cong thic (6.16) dugc goi 1a cong thitc Juravxki (1855).

3. Ung suat tiép cua mot sé mat cat don gian
a) MCN hinh chit nhdt (hinh 6.15): Ta c6:

SC=E(£—Y2];J LR ;
To20 4 R ) i
- _3Q, ( 4y? ) : —\

= " 2bh|  h - M -

—> Bi€u d6 phan b6 ting suit ti€p trén d ’i l l ¢ ¢ T max
MCN (hinh 6.15): Uit

= T tai cdc diém trén truc trung Tz; NN hong thm oda
hoa: b=b phéin 6t dign bl ot
.2 59 Hinh 6.15

"™ 2bh  2F
b) MCN hinh tron

(6.18)
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Chuong 6. Uon phdng

_ 7IR4 . c _ 2 2, c _ 2\¥? 2 2
Jx_ 4 ’ b _2 R_Y7 S }:)sz 3TCR4(R —Y)
— Biéu d6 phan bo (ing suat ti€p
trén MCN cho trén hinh 6.16: ‘
=Yy 4, 6.19 |
e 3TCR2 3 F ( ) ) ' b|c '
c) MCN chit I (hinh 6.17): g . y
Q, S, —dy* /2] A~ e
& J d
Q.S Trong tam cia Fo*
max __ Xy ~X
= sz - J d Hinh 6.16
[ y ! T
(S, :Sx_d‘Y'E v6l S, 1a mOémen tinh i I |
mot nira chit I) d 4Ry Tmax
d(h Y C - *
Q, S"_z(z_tj x K1 >
= Tai diém K: t, = T . 17 _‘
X ' } T

i n
ST i s Y
Hinh 6.17

= Tai diém 6 d€ I: 1, =

ax

= Do d<b nén t, > 1, nén khi kiém tra bén chi chd y dén " va t,.

4. Piéu kién bén cGia dam chiu udn ngang phang

= D6i v6i dam chiu uén ngang phéing, viéc tim vi tri diém nguy hiém va
viét diéu kién bén c6 phitc tap hon. Dua vao bi€u dé phan b6 tng suat phap
va ti€p, doc theo chiéu cao ta thay trén hinh 6.18a.

A _ Omax _
| o o—Al~o U
o~
0 _ _ S B I Try il
max [=JY z
I ——
C Gmin
y a) b)

Hinh 6.18

64



Chuong 6. Uon phdng

e Trang thdi ting sudt don & cdc diém ngoai mép xa truc trung hoa nhat -
diém A (O):

=M"<[0] 6.20
W - ( )

X

— Diéu kién d6i v6i vat déo: max|o,

. . k Mx n Mx

= Vat liéu gion: Maxc, = Wk = [G]k; max‘cz‘: w" <[o], (6.21)

e Trang thdi iing sudt truot thudn tiry & nhitng diém trén truc trung hoa -
diém O (hinh 6.18b):

max 1 <[1] (6.22)

e Trang thdi vng sudt phdng ddc biét: diém nguy hién (diém B) 1a nhitng
di€ém nam gitta truc trung hda va mép ngoai ciing cia MCN, nén diém nguy
hiém trén mat cat phai chon sao cho ca ¢ va t cing dong thoi 16n. Vi du
MCN chit I thi diém nguy hiém 1a diém tiép gidp giita long va dé.

Mat cat nguy hiém: dua vao bi€u dé luc cat (Q,) va moémen udn (M,), ta
phai chon mot hoac mot s6 mat cat c6 M, va Q, ciing déng thoi 16n.

Diéu kién bén: dua vé ting suat twong duong c,4: max 6,4 < [c] (6.23)

= Vi du theo thuyét bén tGng suat ti€p 16n nhat, ing suat tinh toin tuong

duong tai diém B, c6 dang: S =/Oim +4T5 (6.24)
5. Cac dang bai toan co ban:

—> Bai todn ki€ém tra bén: kiém tra ca ba loai trang thai ing suat nhu trén.

— X4c dinh tai trong cho phép.

= Chon kich thuéc cia MCN

Trinh tu khi chon kich thuéc MCN hoac xac dinh tai trong cho phép: dau
tién ta xuat phat tir diéu kién bén ctia phan t6 & trang thai ting suit don (diém
A hoic C) theo cong thic (6.20), (6.21) dé chon so bo tai trong hoac kich
thu6c MCN. Sau d6 ta kiém tra diéu kién bén doi véi cdc phan t6 con lai
(truot thudn tdy va trang thai (ing suat phang dac biét).
6. Piéu kién citng cia dam chiu udn phang

— Khi ché tao cdac bo phan cua cong trinh (cau, dam chiu luc cua cac toa
nha, ...) = céan kiém tra xem bién dang 16n nhat cta két cdu khong duogc
vuot qua gia tri cho phép duoc quy dinh bdi yéu cau cua thiét ké.

= Bién dang 16n nhat d6 la: yT" <[f]; % <[6]

trong d6 V.. Pmax 12 d0 vONg va géc xoay 16n nhét cta dam; / 1a chiéu dai
ctia dam. [f] 1a gia tri cho phép ctia do vong trén mot don vi dai. [0] 1a gid tri
cho phép cua géc xoay trén mot don vi dai.
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7. Vidu ap dung
Vi du 6.1: Mot dam bang vat liéu ¢ ting suat phdp cho phép khi kéo
[c], =3.5kN/ cm’ va nén [0] =11kN/cm?®, chiu lyc nhu trén hinh 6.19a.
Kiém tra do bén ctia dam.
, M%f.\skN'm

7 N //////A////é : 7
/]
B

b) c)
Hinh 6.19
Bai giai: Trinh tu cac budc thuc hién
- V& bi€u d6 momen uon, cho tri s6 maxM, = 4,5kN.m
- Tim cac dac trung can thi€t cia MCN (hinh 6.19c¢), ta dugc cac tri so:

J, =370cm*; y =2,67cm;y" =7,33cm

6

267

10

NN

~INNN\\N
7.33

d pd Mrd . k.
- Tinh c4c gid tri Max 6,;maxo, :

M
maxc, =6, =—>y,. =3,25kN/cm’ <[o] ;

X

Vay dam da bén.

maxo, =0, = 1\J/I" y'  =892kN/cm’ < [G]n

Vidu 6.2: Cho dam chiu luc nhu trén hinh 6.20. Chon duong kinh ctia dam
cho hai trudng hop: dim c6 MCN khong d6i, dim c6 ba bac nhu hinh 6.21.

Biét /=80 cm, P=5kN, [c]=16kN/cm®, [t]=8kN/cm®,

P

A B

92
ﬁ& 1/72 1/72 \T\‘
UL T )
#9 i 300 200 | 300
P
z
|
7 W @ 15P 15P

|~ L]

4 =20P

QNI'n

@

Hinh 6.20 Hinh 6.21
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Bai gidi
- Dam ¢6 MCN khong d6i. Theo diéu kién bén co ban (6.13), ta c6:
0,1d*>M, . /[o]

trong d6: M. =5.80/4=10kN.cm = d> 3/102 /(0,1.16) = 4cm
- Dam ba bac (hinh 6.21). Tri s6 d,, d, dugc xac dinh theo cong thic (6.20)
Doi véi doan gitta: max M, =10°kNcm
D61 voi doan hai ddu: M =30.P/2=30.5/2=75kNcm
Tir diéu kién bén co ban (6.13), ta c6:

2
0,1d} 211%—>d1 =4cm; 0,1.d3 Z%—)dz =3,6cm

Vi kich thlfc’fc da chon dam l\élm viéc du bén.,
IV. CHUYEN VI CUA DAM CHIU UON
1. Puong dan héi, dé véng va goc xoay

— Khi dam chiu uén q
phang, truc clia dim bi  @(2)
uon cong goi la duong __ \ Wm z
dan héi (hinh 6.22). e K L
— Chuyén vi ding , K77 ‘
ciia MCN tai K goi 1a do
vong y(z) ctia dam. Hinh 6.22

—G4c lap boi ti€p tuyén voi dudong dan héi tai diém K’ va truc clia dam
trude khi bién dang goi la goc xoay ¢(z).
2. Phuong trinh vi phdn gan dung cua dudng dan héi

= Tu (6.2) ta c6 ban kinh cong p cua duong dan hoi dugc xac dinh boi

cong thuec: 2
I M, >
P El © M>0 M,<0
— Mat khic ta c6: .
[ (== &3
o (1eyr) @y y<0 y>0
= Tu (a) va (b) suy Hinh 6.23
" M
ra: |¥'(2) = E (6.28)
= Dau “-” do m6 men uoén (y?~0 do bién dang la vo cung bé) va do 16i

(16m) ctia dam la trai dau nhau (hinh 6.23).
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2. Phuong phap tich phan khéng dinh han tinh dé véng, goc
xoay

= Muon tinh géc xoay va do vong tai mat cat bat ky clia dam, ta 1an luot
tich phan phuong trinh (6.28) hai lan:

! MX
y'(z)=0(2)=—| ordz+ € (6.29)
y(z) = —IU ]1;/?( dz]dz+Clz+ G, (6.30)

— C4c hing so tich phan C, va C, xdc dinh tir cdc diéu kién bién tai cdc
mat cat dat lién két va diéu kién lién tuc ctia do vong va goc xoay tai vi tri
ti€p gidp giita cac doan dam.

Vi du 6.3: Xét dam cong-xon chiu M,
momen uén M, tai dau tu do (hinh 6.24), 1 ,/>
biét do cing ctia dam EJ, = const. Tinh do ﬂ I A
vong va géc xoay tai diém A. | 1 z

Bai giai: Xét mat cat 1-1, ta c6: M, = M, I

Thay vao (6.28) va tich phan lan lugt hai .
lan ta duoc: Hinh 6.24

" M M M
y :_EJO : y,:_EJO Z+C1; y=——"2 .Z2+CIZ+C2

E] " *  2EJ

M,/? M,/
A A N A 1 b 0 = — 0 . =v' 0 = _0
Vay do vong, gbc xoay tai A la: y(0) 2EJ P =Yy ( ) EJ.

y(/)=0 M. | M
Diéukiénbién:zzk{ 0=1% = Cy=——2

Dau “-” ching td diém A chuyén vi lén trén, ngugc chiéu duong cua truc y.
Goc xoay tai A quay nguoc chiéu kim dong ho.
3. Phuong phap ham gian doan

—> Phuong phdp ham gidn doan cho phép biéu dién momen uén thanh biéu
thitc duy nhat trén toan chiéu dai ciia dam, va chi c6 2 hang s6 tich phan xac
dinh tir diéu kién bién = viéc tinh todn do vong gbéc xoay tai mat cat bat ky
trén toan dam dugc don gian hoa rat nhiéu = c6 thé 4p dung tin hoc hoa.

— Ham gidn doan dugc dinh nghia nhu sau:

<x—a>n :{(x—a)n khix >a

) voix €e R,n e N,n>0, a=const € R.
0 khix <a
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— C6 nghia la ham gian doan chi c6 gia tri khac 0 khi d6i s6 1a khong am.
Khi d6 cac ddu ngoac nhon c6 thé coi nhu ddu ngodc tron thong thudong. Con
khi d6i s6 am thi ham gidn doan bang 0.

= Tur dinh nghia ham gian doan ta c6 tinh chat sau:

d n n-1 n <X _a>n+1
—(x—a) =n.(x—a . x—a) dx=-——"—+C
) e (xma) =0
— Slr dung ham gi4n doan ta c¢6 thé biéu dién momen udn ctia ddm doi véi
cac loai tai trong khac nhau: Mo M,
a) Mo men tdp trung D A z
0 o | [ ) ] ———»
M, =-M,.(z—a) a | 7
D4u “-” vi mO men udn 1am cang 2
thé trén. Pl M,
b) Luc tdp trung 1 0 A . z
M, =-P.(z-a) a_ | 7
¢) Luc phdn bo déu dén hét chiéu z p
dai dam: EEREREEE
<Z _a>2 0 ] —1
M, = q\z—a) a | "M,
2 z |
d) Luc phdn bo déu trén mot doan q _
ctia ddm EEEEEEEEE
2 2 Ot ————— >
m = &za) afz-b) R T FREY
) 2 2

— Ap dung nguyén 1y cong tic tic dung ta s& viét duoc biéu thiic momen
u6n cho dam véi tic dung dong thoi clia nhiéu tai trong khac nhau. Thay biéu
thic ctia M, vao (6.28) vao tich phan lan luot hai 1an giong nhu phuong phap
tich phan khong dinh han ta s& thu dugc do vong, goc xoay tai mat cat bat ky.
Hai hing s6 tich phan duoc xac dinh tir cdc diéu kién lién két ctia dam.

Vi du 6.4: Tir hinh 6.24 ta ¢6 (chon goc toa do tai A): M, = M,.(z—0)"

0 1 2
M,.(z-0 M,.(z-0 M,.(z-0
":_—°< > ) y':_—°< > +C, . y=—>" <Z > +Cz+C,
EJ, ’ EJ ’ 2EJ,

y(1)=0 M,/ M2 M M

A kien bien: z=1: =, =—"";C,=—" "0 —__0

Bicu kién bien: » {y’(l)zo TR ?T2E1. EJ. | 2ED

M,/* , M,/

Vay do vong, goc xoay tai A la: Ya :Y(O)Z—zEOJ ; Pa =Y (0)= EJO
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K&t qua giong nhu phuong phap tich phan khong dinh han.
Vidu 6.7: Tinh do vong, géc xoay tai diém giita ctia dam.

Tir hinh 6.25, ta c6: 9
M. Z %, gr 4y, oy LYY YV YT YYYYYIYE
’ 2 2 A. EJ = const c
ELy =~ T (z-0) +3(z-0)" 2| & w |0
Egyﬂz_%?@_oy+%<z_®?+cl Hinh 6.25

[—

Diéu kién bién:
3
{z:O: y(O):O Clzﬂ
= 24
z=a: y(a):O C,=0

Vay do vong va gbc xoay tai C:

_(a)_ 5qa’
Ye =3 384EJ °

4. Phuong phap tai trong gia tao (phuong phap do toan)
= Lién h¢ vi phan gitra nd1 luc va ngoai luc nhu sau:
d’M, (z) dQ,(2)
22 dz
— Con dbi v6i phuong trinh dudng dan hdi, ta ¢6 phuong trinh vi phan:
dzy__MX N dzyzdy’ __M

dz>  EJ dz* dz EJ

X X

=q(2)

X

— Ta c6 su twong duong nhau, do vdy néu tao ra mot tai trong gia tao
M

X

Qo =~ B¢ bing phuong phap mit cit xdc dinh dugc Qg va My trén dam

gia tao. Gia trj d6 chinh 13 do vong va goc xoay trén dam thuc tuong tng.

— Diéu kién lién két cua dim gia tao va dam thyc phai c6 mdi twong quan
sao cho gia tri Qg va My trén dam gia tao phai dang bang gia tri d6 vong va
goc xoay trén dam thuc twong tmg (bang 6.1).
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Bang 6.1. Dam thwe va dim gia tao twong &ng
Dam thue Dam gia tao

.
| ——

£ A T4 5,

“+

O

e A

% — |

— Trinh tu giai bai toan béng phuong phap tai trong ¢1a tao :

haa o o

PN 5
7 7

- V& biéu dd0 momen udn M, cho trén dam thyec.
- V& dam gia tao voi cac lién két phu hop véi diéu kién d6 vong, goc
xoay tuong Umg trén dam thuc
- Dit biéu d6 M, 1én dam gia tao, nhung cht y 1a tung do bang M x/EJy,
chiéu miii tén cua tai trong gia tao hudng vé phia thd ciang ciua dam
MX
EJ,)
- Xac dinh Qg va My = d0 vong va goc xoay cua dam thuec.
= Pé tién loi trong qué trinh tinh toan sau nay, chung ta xac dinh trudc
dién tich va hoanh d6 trong tdm ctia mot sb biéu do (bang 6.2).

thuc (do d6 thod man e =~

Bang 6.2 - dién tich va hoanh d trong tAm ciia mdt s6 hinh thwong giip

1 1 3
}t— Bécz nghl’ ZIZZZ ZZZZZ
Tl O-—hi.g-t ., -0*L
n+l1 ° n+2 )
. 2 3 5
f Bac 2: Q—Ehl; Zl_gl Zz—gl
h A
V Bacn
Z Z
1] l 2 0= n hl-zlz n+1 ‘22:3n+ll
n+l1 ~’ 3n+2 ° n+2
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Vi du 6.8: Xac dinh d6 vOng va goc xoay tai dau muat D cta dam chiu luc
nhu hinh 6.26a. Biét 4o cung EJ, = const.

16.10%EJ 10YEJ
[ [
- 4
P=8.10°N q=4-’9f"wm P d) 3 Pry
» CL AT T ¥ 1338 O C ANy
2m 6m 4 2m \18.10YEJ
] et et B s
16.10°Nm 16.10*Nm A ) .16.10Y/EJ
e) B
b) !
S 0N Yay N "4-“) ‘.
16.10°Nm 16.10°"Nm 16.10"/EJ
c) 3 ﬁ‘m\ f 2‘4 16.10%EJ /P):_il)w'gt
"'N.__\__J_'f ’// YA D
18.10°Nm Ya= 12.10%EJ  Qa
Hinh 6.26

Gidi: Biéu d6 momen udn M, ctia dam duogc vé trén hinh 6.26b va duogc
phan tich nhu hinh 6.26c. Dam va luc phan bd gia tao dugce vé & hinh 6.26d.
Ta chia dam don gian nhu & hinh 6.26e va 6.26f.

Phan luc tai A va B ctia dam giita 12 :

2
16.6—=.18.6 | )
Y. -y, = 307 100 _12.10
2 EJ. EJ

Chiéu cta Y,, Y nhu trén hinh 6.26°. Tai B trén doan dam BD chiu mot
luc gia tao tap trung cung tri s6 nhung ngugc chiéu véi Yg. PO vong va goc
xoay tai D:

p_1210° 16.10%2 _28.10°

YD = (PD = Qgt - EJX 2EJX - EJX (I'ad)
12.10* 1 16.10* _ 2 136.10*
=MP = 24+—. 2-2="""""(m
Yo =Mu =" 2 Ty 23T ™

5. Phuong phap thong sé ban dau
—> Xét ddm c6 MCN thay d6i thanh timg doan c6 do ctng EJ, = const.

= Danh s6 cic doan 1a 1, 2, ..., i, Q, T P M
i+1, ..., n ¢6 do cing lan luot E|J,, E,J,, o I 111
..EJ. E.J.., ..., E.J. (hinh 6-28) tit C _
= Xét hai doan lién ké i va (i+]), & ! 2 3 4
gia thiét chd noi gitra hai doan (z=a) c6
lien két dac biet bing cap khép céu Hinh 6-28
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(hinh 6-29). Hai bén khép nay do vong cé budc nhay Ay,, con géc xoay co
budc nhay Ay, . Tai chd n6i ndy con ¢6 lyc tap trung, momen tap trung va tdi
trong phan bo ¢ hai doan 1a khac nhau (hinh 6-30).

AZ
O,
[ M 2
P

yi(z) kéo dai

"V yia(2)=yi(2)+Ay(2)
Hinh 6-29 Hinh 6-30

—> Khai trién Ay(z) theo chudi Taylor tai hoanh do z=a.
—> Sau khi bién doi ta dugc phuong trinh dudng dan hoi biéu dién qua do
vong cua doan tht (i+1) theo doan thi i nhu sau:
(z-a)

, 1
Yiu(2)=yi(2)+ Ay, + Ay, (z—-a) - E_J [Ki+1Mi+1 (a)— KiMi(a)]T

z—a)3 (z—a)4

+[Ki+1Qi+1(a) o KiQi (a)] 3 + [Ki+1qi+l(a) a Kiqi(a)] 4!

(2-a)

5!
Trong d6 Ay,=Ay(a); Ay, = Ay'(a) la budc nhdy cta do vong va géc xoay

—~~

+[K,,.q1, () - K qi(a)] o

tai mat cat ¢6 hoanh do z = a.
K, :E; K., = £ ; v6i EJ 1a do cting quy udc

E.J. E

M,,1(2), Qi1(2), 4ii(2), q;,,(z)14n lugt 2 momen udh, lyc cit, cudng do
luc phan bd, dao ham cuong do luc phan bo trong doan thit i+1.

Mi(2), Qi(2), qi(z), q;(z)1an lugt 1a momen uon, luc cét, cudng do lyc
phan bo, dao ham cudng do luc phan bo ctia doan thit i da kéo dai sang doan
tha i+1.

= D06 vong cua dam trén doan thit 1:

1+1Vi+1
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72 2 7

, 1 25
Y1(Z)=yO(Z)+YOZ_E_J(KM o +KQ0 +K1q0 A1 +K1qo 51 )

= CA4c tri s0 y,, y:), My, Qo 9os qotalj z =0 goi la cac thong s6 ban dau.
= Trudng hgp dim c¢6 do ciing chon uon EJ khong d6i trén sudt chiéu dai:

(z-a)

Y12 = y,(2)+ Ay, + Ay, (z—a) —Eij [M,.,(a)~ M, (a)]

2!
3 4
z—a z—a
+[Qi+1(a)_Qi(a)]( 3 ) +[qi+1(a)_%(a)]( A1 )
(z-a)
Hau@-a@F 7+
1 z’ z’ Z4 z’
¥1(2) =yo(2) +yoz EJ( o-E"‘Qo-E 041 +4,- ;"‘
Vi du 6.9: Tinh goc xoay ¢, cua MCN P M
tai g6i twa A cua dam c6 EJ = const, q
chiu tai trong nhu hinh 6.31. AV v Vv v ¢ Y B
Gidi A 2 3| 4 &
Chia dam thanh 4 doan danh sO thi a ‘
tu nhu hinh 6.31. Cac thong s6 ban dau b
va cac hé s6 duoc xac dinh tir cac di€u c
kién bién ctia moi doan nhu trong bang l
dudi day: Hinh 6.31
z=0 Zz=a z=b Z=¢C
Yo=0 Ay, =0 Ay, =0 Ay. =0
Yp# 0 Ay, Ayy= Ay,
M,=0 AM, =0 AM, =0 AM. =M
Qo =Y, AQ,=0 AQ,=-P AQ.=0
qo=-q Aq, =q Aqy =0 Aq. =0
qp= Aq,= Aqy,= Aq.=

Do dam c6 EJ, = const nén ta ¢6 cac phuong trinh duong dan hoi cua céac
doan nhu sau:

Y,z q 7
=yz——A—" 4+ 2~ voi0<Lz<a
ARV IE TR SS PT
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a@-a'_, Y,7 a7 q@-a)

= + = ———> 2 v6ia<z<b
Y2 =0T EJ 5 T E) 3v EJ 4v EJ] 4!
P (z-b)’ N z A z—a) P (z-b)
gy RO V2 a7 goa) P
EJ 3! EJ 3' EJ 4\ EJ 4! EJ 3!
voib<z<c
2 4 3 2
y4:y3_M(Z—C) T Y, L9 Z q (z-2) +£(Z—b) _M(z-¢)

EJ] 2! IR EJ 3! EJ 41 EJ 4! EJ 3! EJ] 2!
voic<z<]
Pé xic dinh y, ta dua vao diéu kién bién tai B: y, =0

YRS B M B 4 Bl 3 B 21
Y.P_a ' _a(@-a' Pa-b' Mi-o
EJ 3! EJ 4! EJ 5 B 3 EJ 20

6. Cong thuc Mo - phuong phap nhan biéu do Vérésaghin

6.1. Cong thirc Mo: Trang thai chiu luc

cua khung nhu di cho la trang thai P q A / P,
“m”, luc va chuyén Vl cua trang thai , A Jg AN 2377
nay c6 kém theo chi s6 m (hinh 6.31). " - 4 '
Xéc dinh chuyén vi theo phuong k cua m

trong tam MCN tai A. Mubdn vay tao Hinh 6.51
mot trang thai chiu lyc “k” mdi béng cach bo tat ca ngoai luc ban dau tac
dung 1én h¢ va dit theo phuong k mot luc Py ¢6 gia tri va chiéu tuy y. Pé don
gian ta thuong chon P, = 1, goi la trang thai don vi.

3 4 32
o g YWl 4l gU-a' P@-b' M{-c_

Cong thire Mo gitip ta xac dinh chuyen vi theo cac phuong cua thanh c6
dang bat ky. Mudn xac dinh chuyén vi thang tai mot dlem nao do cua truc
thanh, ta dit tai diém d6 mot luc tap trung don vi, con mudn xac dinh chuyén
vi goc (goc xoay) thi ta dat méomen tap trung don vi.

Cong thirc tong quat ctia Mo tinh chuyén vi hé dan hoi tuyén tinh:

A, ZJ'Nsz dz ZJ'Mka Ldz ZIMYkM dZ
+Zj‘n Xkade Z,[ kayde ZJ‘MZkM dz

\Y, I Mym, M, > Nom s me , Qym 1a cac ndi lyc trén MCN do tai trong gay ra

(6.31)

con Nux Mxk,Myk,Mzk ka,ka la cac ndi luc do tai trong don vi gy ra.
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Vi du 6.10: cho dam chiu lyc ’nhu’ hinh 6.32. X4c dinh d§ vong ¢ gitta
nhip. Bo qua anh huong cua lyc cat.
Giadi: trang thai chiu lyc cia dam nhu da

[13 29

cho la trang thai “m . Bidu thitc mémen A

q
HENESEEEE
£

3
3
B

N

ubn tai MCN: M,, = Eq(lz ~7’) arz
q P=1
D¢ tinh d§ vong tai gilra nhip ta tao ra »
trang thai “k” bing cach dit tai d6 lyc Py = 4y 7 5
1 theo chi€u chuyén vi can tinh. Bi€u thuc 1/ 72"
. 1 [
moémen udn: Mk = EZ
\ , Hinh 6.32
Thay vao (6.31), ta duogc (bo qua luc doc,
) 1 1/2 1 5 ql4
oat): y(_j J_ PR ) 0= R

(Phai lay tich phan tr 0 > //2 va tr //2 - [, nhung do hai tich phan nay
bang nhau nén 14y mot tich phéan rdi nhan cho 2).

IV. PHUONG PHAP NHAN BIEU PO VERESAGHIN

= Xac dinh chuyén vi cua cac thanh c6 do
ctg khong .d(;)i, theo cong thitc Mo kha phirc G.F G
tap. Do1 vo1 h¢ thanh thang, ta thay it nhat |
mot ham ndi Iyc dudi dau tich phan 1a bac
nhat hodc hang s6. /

— Néu mot trong hai ham sé duéi dau tich Q
phan c6 dang bac nhat thi ta co thé thay cach
giai tich phan trén bang phuong phap nhan 7 dz ; z
biéu do ciia Vérésaghin. Ze i

— Gia thiét trén doan chiéu dai ! nao d6 F(z)=az+b
ctia thanh, ham sd G(z) c6 dang bat ky con i
F(z) c6 dang bac nhit: [F(z) = (az + b) _—

F(z.)
%dz = [F(2).G(z)dz, )

dQ

NN
a

— Tich phan _[

M
trong do F(z) = Mi con G(z)=—"
EJ Hinh 6.33

— Tich phan I cta hai ham s F(z) va G(z):
l /
I=[F(2).G(2)dz = [ (az+1).G(2)dz
0 0
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v6i dQ = G(z)dz 1a mdt dién tich vo cung nhé cua biéu d6 G(z), ta co tich
phan theo bién méi: 1= J.(az +b)dQ = aJ. zdQ + b_[ dQ = a_[ zdQ2 +bQ
Q Q Q Q

= Ta cb IZdQ =202 , trong d6 zc 1a hoanh d¢ trong tam cua dién tich Q.
Q

Khi d6 tich phan I s& 1a: I =az.Q+bQ =C(az. +b)

—> Theo hinh 6.33, ta ¢6 az¢c + b = F(z¢) — tung d0 cua ham F(z) Ging vo1
hoanh 46 zc = |I = QF(z¢) (6.32)

— Tu két qua trén ta suy ra: néu cac biéu db ndi luc M,,, N,,, Q,, do tai

trong gy ra co dang bat ky, con cac biéu do Nk, My, Q, do ti trong don vi
co dang bac nhat thi:

1 _ 1 — 1 A
A, = ZE—JQ(Mm M, (C)+ ZEQ(N,“ N, (O)+ ZﬁnQ(Qm )Q, (O] (6.33)

trongd6  Q(M,,), Q(N,,), QQ,) 1a dién tich cac biéu d6 My, Ny, Q.

M, (C),N,(C),Q,(C) 1a cac gia tri cua biéu d6 M,,N,,Q, tai
nhirng vi tri tuong tng véi trong tam cua dién tich cac biéu d6 M, N, Qmn.
Cin chii y rang:

- Néu F(z) va G(z) déu 1a bac nhét thi phép nhén trén c6 tinh hoan vi.

- Néu chi c6 mot biéu dd 13 bac nhat thi gia tri tung d0 tuong Ung tai trong
tam bat budc phai lay o biéu d6 c6 dang bac nhat do.

- Néu d6 thi bac nhat bi giy khic thi phai chia chiéu dai lay tich phan
thanh ting doan, trén moi doan dd thi nay la mgt duong thrflng tron, dé thuc
hién phép nhan, sau d6 14y tong két qua phép nhan trong cac doan.

- Néu cac biéu d6 c6 dang phirc tap thi khi nhén ta chia ching ra nhiéu
hinh don gian, sau do ta cong cac két qua lai véi nhau. Két qua cua phép
nhan mang du (+) khi dién tich va tung d6 déu cung dau hodc cung nim vé
mot phia ctiia dudng chuan. Két qua ctia phép nhan biéu do ddi xtimg vai biéu
d6 phan ddi xtng sé bang khong.

Hinh 6.34

77



Chuong 6. Uon phdng

Vidy 6.11: Tim d6 vong tai B va goc xoay tai A cua dam chiu luc nhu trén
hinh 6.35a (bdé qua anh hudng cua luc cat).

Giai l -4
Trang thai "m” la trang thai ga) Ay vy v v v vy C
chiu luc cta dim (hinh 6.35a). B il
Bi€u d6 mOmen udn do tai trong i % ! |
2

gdy ra M, biéu dién trén hinh )
6.35b. ol

: | 8
D¢ tim do vong tai B ta tao Ién // @

b)
trang thai "k” (hinh 6.35¢), biéu \J\I\U\H »

d6 moémen M} dugc biéu dién _—
trén hinh 6.35d. P, =1
9 , . k
O day ta thay trong hai doan A
AB va BC biéu a6 MP duoc 9 S B 2
biéu dién bang nhimg dudng
thang khac nhau, vi vy dé tinh

do vong dung phuong phap nhan d) |
bieu do Vérésaghin ta phai chia W
biéu d6 M,, theo 2 phén tir A dén I

4

B va tr B dén 'C. Phep nhan
Vérésaghin cho két qua nhu sau:

: r{
yy=—m—2 290 L5 ) Ady .
f)

|
} l

M, =1

‘ |
1 L1
| /2

Pé tim gbdc xoay tai A ta s€ tao
trang thai "k” nhu hinh 6.35e.
Biéu d6 M2 dugc biéu dién nhu
hinh 6.35f. Theo phép nhan Vérésaghin ta co:

1 2 2 2
0,=0 =—- ——.i],l =— q
EJ) | 378 2)  24EI

Két qua mang diu (-) chimg to 1a goc xoay tai A co chiéu nguogc lai véi
chiéu cua M; da chon.

Hinh 6.35
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Vi du 6.12: Tim d6 vng tai B ctia dam chiju lyc nhu trén hinh 6.36a (bo
qua 4anh huéng cua luc |
cit).

Giai

Biéu d0 moémen cua
trang thai "m” duogc biéu
dién trén hinh 6.36b. Dé
don gian khi nhan biéu d6
ta ¢ thé xem biéu dd M,,
trong khoang AC la tong
cong cua mot biéu db bac
nhat va mot duong bac 2
(hinh 6.36¢). Diéu d6 ciing
gidng nhu ching ta xem
rang trang thai "m” 1a tong
cong cua hai trang thai:
trang thai chi ¢c6 mgt minh
luc P tac dung va trang thai
chi ¢c6 mot minh luc q tac
dung (hinh 6.36d).

Pé tim chuyén vi tai B ta
tao ra trang thai "k” nhu
trén hinh 6.36e, biéu do
moémen ciing duoc biéu
dién trén hinh d6.

Voi cach d6 ta c6 thé
thue hién phép nhan biéu
d6 Vérésaghin mot cach dé
dang:

yB:Akm:

! 1 (1,012 Hnh636 5 oy
- (O, +Qy, +Qy, )= | Po L2 rpr e 20 L
gy (Y, + ) EJX£2 3333 2 3733 38 23]
_4pPF gt
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Chuong 6. Uon phdng

V. BAI TOAN SIEU TINH

= Ciing nhu trong céc bai toan vé
kéo, nén va xoan, ¢ day ta ciing gip
nhitng bai toan siéu tinh vé uén =
cAn phai thiét l1ap thém phuong trinh
bién dang

— Vi du, cho didm chiju luc nhu
hinh 6.37. Siéu tinh bac 1.

= Dua viao diéu kién d6 vong tai B
cia dam bang 0 dé 1ap phuong trinh
bién dang:

ys=0

— Do vong B do phan lyc Ry va
do tai trong phan b q.

— Dua vao phuong phap dd toan
ta chon dam gia tao va tai trong phan
bb gia tao nhu hinh 6.37. Momen gia
tao tai B do tai trong g, gdy nén la:

M _Lla’ 3, 1Ry

2
Pt Y s Ly
32E)74 27EJ 3

— Tri sb cia momen gia tao d6
chinh 1a d§ vong tai B. Vi diéu kién
do vong bang khong ta cd phuong

ql* R,
1 . — = O
trinh: RE]  3EJ
3 5
= Ry :gq.l; R, :gq.l

Hinh 6.37

= Khi da c6 Rp ta dé dang v€ dugc biéu do noi luc cia dam
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